Recently a non-supersymmetric analog of Veneziano-Yankielowicz (VY) effective Lagrangian has been derived and applied for the analysis of the θ dependence in pure Yang-Mills theory. This effective Lagrangian is similar in many respects to the VY construction and, in particular, exhibits a kind of low energy holomorphy which is absent in the full YM theory. Here we incorporate a heavy fermion into this effective theory by using the "integrating in" technique. We find that, in terms of this extended theory, holomorphy of the effective Lagrangian for pure YM theory implies a holomorphic dependence on a heavy fermion mass. It is shown that this procedure fixes a parameter which enters the effective Lagrangian and determines a number of disconnected nondegenerate θ vacuum sectors in pure YM theory. We briefly discuss a brane configuration of MQCD which might be relevant for this problem.
Introduction
The remarkable progress made over the past years in understanding the nonperturbative properties of supersymmetric (SUSY) N=1 and N=2 theories owes a lot to holomorphy. Supersymmetry requires a superpotential W ef f (X i , g i ) of the effective low energy theory to be a holomorphic function of the light fields X i and the coupling constants g i , and thus powerfully constraints the large distance dynamics of SUSY theories [1] (see e.g. [2] for a review). The famous Veneziano-Yankielowicz (VY) effective Lagrangian [3] , obtained from the anomalous Ward identities of SUSY YM theory, is holomorphic in its fields and parameters 1 . Moreover, the effective VY potentials for theories with different numbers of matter fields (e.g. ones with N f and N f − 1 fermion flavors) are related to each other by holomorphic decoupling relations [3] . More recently, an operation inverse to integrating out of a heavy fermion was suggested under the name of "integrating in" procedure [4] . The integrating in technique provides a powerful method to obtain relations between parameters and functional forms of superpotentials for theories with different matter contents. In particular, it was shown in [4] that Affleck-Dine-Seiberg superpotential [5] can be obtained from VY Lagrangian for SUSY gluodynamics by the integrating in/out procedure. The integration in technique was used to study the phase structure of SUSY theories [6] , and to calculate numerical parameters in different models [7] .
Recently a non-supersymmetric analog of the VY effective Lagrangian has been derived [8] using an infinite series of anomalous Ward identities for YM theory. This construction has some striking similarities to its supersymmetric counterpart. Specifically, we have found that this effective Lagrangian (more precisely, effective potential) possesses both a "dynamical" part, which is similar to the original VY form [3] , and a "topological" part, which is analogous to an improvement of the VY Lagrangian, suggested recently [9] . The picture of the physical θ dependence in pure YM theory, following from the analysis of this effective Lagrangian, is rather similar to the one found for SUSY YM theory [10, 9] : the correct 2π periodicity in θ is recovered when a set of disconnected vacua is taken into account. The difference from the supersymmetric case is in the absence of degeneracy between the vacua. As a result, all vacua but one with a lowest (for a fixed θ) energy contribute zero to the partition function in the thermodynamic limit [8] . Moreover, in contrast to the supersymmetric case, the number of vacua 2 is not fixed by a discrete symmetry, as no such symmetry exists for pure YM theory. This information was coded in the effective Lagrangian of Ref. [8] in a dimensionless number ξ ∼ N −1 c (see Eq. (3) below) which should be found from elsewhere.
Another remarkable property of the effective potential of Ref. [8] is its holomorphic structure. At first sight, a claim on holomorphy of an effective Lagrangian for YM theory may sound suspicious, as the full theory is not seen to possess any holomorphy, in contrast to supesymmetric models. As will be discussed in detail below, there is no contradiction here: holomorphy is the property of a nonperturbative effective potential term which is the only one fixed by the anomalous Ward identities, and describes the large distance physics only. We do not expect that kinetic terms and/or perturbative contributions would be holomorphic as well, but they are irrelevant anyway for our purposes.
In this paper we analyse holomorphy of the effective Lagrangian of Ref. [8] using the integration in technique [4] . By the integrating in procedure we obtain an effective Lagrangian for the YM field interacting with a heavy fermion. It will be shown that holomorphy of the effective Lagrangian for pure YM theory corresponds to a holomorphic dependence on a fermion mass in an extended theory including the heavy fermion. When gluodynamics is defined as a low energy limit of the latter theory, the integrating in procedure fixes the aforementioned parameter ξ, and thus allows one to find the number of different nondegenerate θ vacuum sectors [8] for pure YM theory. As will be shown below, this approach results in the same value ξ = 4/(3b) which was obtained in [11] with a different method.
Our presentation is organized as follows. In Sect.2 we recall the construction [8] of the effective Lagrangian for pure gluodynamics. In Sect.3 a new effective Lagrangian for the theory including a heavy fermion is obtained by the integration in technique. We show that the parameter ξ can be fixed by comparing the holomorphic properties of two effective Lagrangians. The matching of two effective theories is further discussed in Sect.4 from the point of view of their global, "topological", properties. We also discuss in this section a connection of the present approach with the previous analysis of Ref. [11] . Some consequences of our results are discussed. In Sect.5 we reformulate our results in terms of a brane configuration of MQCD. The final Sect.6 contains our conclusions.
Effective Lagrangian for gluodynamics
The purpose of this section is to describe an effective Lagrangian for YM theory, which was constructed in our previous paper [8] . Before proceeding with the presentation, we would like to pause for a comment on the meaning of this effective Lagrangian. As there exist no Goldstone bosons in pure YM theory, no Wilsonian effective Lagrangian, which would correspond to integrating out heavy modes, can be constructed for gluodynamics. Instead, one speaks in this case of an effective Lagrangian as a generating functional for vertex functions of the composite fields G 2 and GG. Moreover, only the potential part of this Lagrangian can be found as it corresponds to zero momentum n-point functions of G 2 , GG, fixed by the anomalous Ward identities. The kinetic part is not fixed in this way. Thus, such an effective Lagrangian is not very useful for calculating the S-matrix, but is perfectly suitable for addressing the vacuum properties 3 . Specifically, space-time independent fields are amenable to a study within this framework.
Analogously to the case of SUSY theories, an effective Lagrangian for pure YM theory is constructed using an infinite series of anomalous Ward identities which serve as matching conditions ensuring consistency of the large distance properties of the theory with its small distance behavior fixed by renormalizability and asymptotic freedom. For two-point correlation functions, the complete set of corresponding Ward identities reads
Multi-point correlation functions of the fields G 2 µν and G µνGµν can be obtained by differentiating Eqs. (1) (2) (3) in respect to θ and 1/g 2 0 , see below. In what follows we use the one-loop β-function β(α s ) = −bα 2 s /(2π) where b = (11/3)N c . A few comments on these Ward identities are in order. All correlation functions (1),(2),(3) are defined via Wick type of the T-product, i.e. by the differentiation of the path integral in respect to corresponding parameters, see below. Perturbative contributions to the conformal anomaly matrix element −bα s /(8π)G 2 in Eqs. (1) and (3) are subtracted by definition. In this case, its dependence on the bare coupling constant g 0 , corresponding to the cut-off scale M R , is fixed by the dimensional transmutation formula
Here numerical constants c 1 , c 2 are independent of g 0 , but depend on the vacuum angle θ which is allowed to be non-zero in Eqs. (1) (2) (3) . The Ward identities (1),(2) then follow by the differentiation of the above expressions in respect to 1/g 2 0 . They were derived long ago by Novikov, Shifman, Vainshtein and Zakharov (NSVZ) [12] . By derivation, the two-point functions (1-3) do not contain perturbative contributions 4 . As was discussed in detail in Ref. [8] , the zero momentum correlation functions (1-3) and their n-point generalizations are generated by the differentiation of log(Z/Z P T ) in respect to 1/g 2 0 and θ, where
Here the perturbatively defined partition function Z P T does not depend on θ and absorbs perturbative contributions to the conformal anomaly. The dimensionless parameter ξ in Eq.(3) is related to the θ dependence of the vacuum energy E v (θ) in Eq. (5):
Let us introduce complex linear combinations of the composite fields
In terms of these combinations, the Ward identities (1-3) take particularly simple forms (for an arbitrary value of the vacuum angle θ):
It can be seen that the n-point zero momentum correlation function of the operator H equals (−4) n−1 H . Multipoint correlation functions of the operatorH are analogously expressed in terms of its vacuum expectation value H . At the same time, it is easy to check that the decoupling of the fields H andH holds for arbitrary n-point functions of H,H. This is the origin of holomorphy of an effective Lagrangian for YM theory 5 . An effective low energy Lagrangian (more precisely, effective potential) is now constructed as the (Legendre transform of) generating functional for zero momentum correlation functions of the marginal operators G µνGµν and G µν G µν , such as Eq.(8) and their n-point generalizations. It is a function of effective zero momentum fields h,h which describe the vacuum expectation values of the fields H,H :
Omitting details of the derivation, which can be found in [8] , we give the final answer for the improved effective potential F (h,h):
where the constants C,C can be set real and expressed in terms of the vacuum energy at θ = 0, C =C = −2eE v (0), see Eq.(6), and V is the 4-volume. The holomorphic structure of the effective potential is explicit in Eq.(10). The integer numbers p and q are relatively prime. As was shown in Ref. [8] , they are related to the parameter ξ introduced in Eq.(3), 2ξ = q/p. The symbol Log in Eq.(10) stands for the principal branch of the logarithm. The double sum over the integers n, k in Eq.(10) can be understood as the prescription of summation over all branches of the multi-valued action in the partition function :
The physical meaning of the double sum over the integers n, k in Eq.(10) is the following. As was discussed in [8] , the infinite sum over n reflects the summation over all integer topological charges in the initial YM theory. The finite sum over k in (10) is related to the existence of additional "ghost" vacua which, for any fixed θ, contribute zero to the partition function in the thermodynamic limit V → ∞ [and thus are not seen in the Ward identities (8) ], but become crucial for the analysis of periodicity in θ. The physical 2π periodicity in θ is recovered when this whole set of vacua is taken into account [8] . We note that, without the summation over the integers n, k in Eq.(10), the effective potential is not single-valued, and therefore cannot serve as a physical entry on an entire space of relevant fields and parameters. An analogous problem arises with the original VY effective Lagrangian. It was cured in Ref. [9] by a similar prescription of summation over all branches of a multi-valued VY superpotential. It is worth noting that the whole structure of Eq.(10) is rather similar to that of the (amended) VY effective potential. Namely, it contains both the "dynamical" and "topological" parts (the first and the second terms in the exponent, respectively). The "dynamical" part of the effective potential (10) is similar to the VY [3] potential ∼ S log(S/Λ) Nc (here S is an anomaly superfield), while the "topological" part is analogous to an improvement of the VY effective potential, suggested by Kovner and Shifman [9] . We stress that the improved effective potential (10) contains more information in comparison to that present in the Ward identities (8) just due to the appearance of this "topological" part in Eq. (10) . Without this term Eq.(10) would merely be a kinematical reformulation of the content of Ward identities (8) .
Integrating in the heavy fermion
In this section the effective Lagrangian (10) for pure YM theory will be analysed from a different standpoint. Considering pure gluodynamics as a low energy limit of a theory describing the YM field interacting with a heavy fermion, we now wish to construct an effective Lagrangian for the latter theory starting from the effective Lagrangian (10). As will be shown below and in Sect.4, a relation between the holomorphic and "topological" properties of two Lagrangians is non-trivial, and allows one to fix the crucial parameter ξ = q/(2p) entering Eq.(10).
The task of constructing such an effective Lagrangian for the theory with a heavy fermion is achieved by using the "integrating in" technique, developed in the content of SUSY theories in Ref. [4] and reviewed by Intriligator and Seiberg in [2] . The integrating in procedure can be viewed as a method of introducing an auxiliary field into the effective Lagrangian for pure YM theory. Using the renormalization group properties of the YM effective Lagrangian, it is extended to include the auxiliary field U, which will be later on identified with the chiral combinationΨ L Ψ R of a heavy fermion.
To conform with the notations and terminology of Ref. [4] , we will call pure YM theory and the theory with a heavy fermion the d-theory (from "downstairs") and the u-theory (from "upstairs"), respectively. The effective potential of the d-theory is then
(here c is a dimensionless numerical coefficient), and the summation over all branches of the logarithm in the partition function is implied. In this section Eq.(12) will be understood as representing a branch (section) of the multi-valued effective potential, which corresponds to a lowest energy state for small θ < π. As was shown in [8] , this section corresponds to the principal branch of the rational function in the logarithm in Eq. (12) . In this case the vacuum expectation value H depends on θ as follows:
We now want to relate [10, 4] the dimensional transmutation parameter Λ Y M of pure YM theory to the scale parameter Λ QCD of the u-theory including a heavy quark of mass m ≫ Λ QCD , Λ Y M . We assume both parameters to be defined in the MS scheme, in which no threshold factors arise in corresponding matching conditions. The matching condition then follows from the standard one-loop relations
and the requirement that the coupling constants of the d-and u-theories coincide at the decoupling scale M 0 = m. We obtain
As was explained in Ref. [10, 4, 2] , Eq.(15) reflects the fact that, for fixed Λ QCD , the scale parameter Λ Y M characterizes the low energy theory surviving below the scale m, and thus depends on m. In this sense, the constant in the logarithm in Eq.(12) also depends on m
Following Ref. [4] , we now wish to consider (a particular branch of) the effective potential (12) as the result of integrating out the auxiliary field U in the new effective potential W ≡ W u − mU which corresponds to the u-theory:
where U is a solution of the classical equation of motion for the auxiliary field U :
Let us note that, according to Eq.(17), W d should depend holomorphically on U . Our assumption is that this is only possible if an effective potential W of the u-theory is itself holomorphic in the field U. In our opinion, this assumption appears to be quite reasonable 6 . Furthermore, one can see that Eqs. (17),(18) actually define the potential W d as the Legendre transform of W u . Therefore we can find the unknown function W u from the known potential W d by the inverse Legendre transform:
where m solves the equation
Eq.(20) can be considered as an equation of motion for the auxiliary "field" m. It is important to note that Eqs. (17 -20) imply that m should be treated as a complex parameter to preserve the holomorphic structure of Eq. (12) . When substituted in Eq. (19), a solution m of Eq.(20) defines the potential W u (h, U, m ). When this function is found, the effective potential W of the u-theory is defined by the relation
in accord with Eq. (17). The solution of Eq.(20) is easy to find using Eqs. (12), (16) :
Thus, Eq.(19) yields
h .
Finally, Eq.(21) results in the effective potential of the u-theory
We expect this effective Lagrangian to describe YM theory coupled to a heavy quark, corresponding to the field U, such that integrating out U brings us back to the effective Lagrangian (12) for pure gluodynamics. Indeed the equation of motion for the field U stemming from the effective potential (24) reads
Inserting this classical vacuum expectation value (VEV) back to Eq.(24) (i.e. integrating out the field U), we reproduce the effective potential of the d-theory, Eq. (12) . Note that Eq.(25) should preserve the N c counting rule, such that h ∼ N 2
The N c dependence of the VEV U is consistent with the identification U ∼ Ψ L Ψ R which will be suggested below.
Analogously to the effective potential (12) of the d-theory, the new potential (24) is not a single-valued function. The single-valuedness should be imposed, as was done in Eq.(10), by the summation over all branches of W in the partition function. This procedure will be considered in detail in the next section, while here we would like to identify the field U of the effective theory with a corresponding operator of the fundamental theory. As is seen from (25), U has dimension 3, and thus should describe the VEV of an operator bilinear in the heavy quark fields. Furthermore, as long as m is effectively considered as a complex parameter, this operator can only beΨ L Ψ R orΨ R Ψ L , in accord with the structure of the mass term in the underlying fundamental theory. To find the exact correspondence, we note that, when the VEV of the field h is chosen to correspond to a lowest energy state for θ < π, Eq.(25) implies
which can be compared with the relations 7 between the VEV's in the underlying theory:
Comparing Eqs. (26) and (27) and using the relation 2ξ = q/p [8] , we conclude that
We thus see that the introduction of the heavy quark into the effective theory fixes the parameter ξ which enters the effective Lagrangian (12) for pure YM theory. The value obtained coincides with the one suggested by us previously within a different method [11] , based on a different assumption. (The correspondence between the two approaches to calculate the crucial parameter ξ will be further discussed in the next section.) Moreover, the comparison of Eqs. (26) and (27) shows that the chiral field U corresponds to the chiral fermion bilinear of the fundamental Lagrangian:
This correspondence between the operators of the effective and underlying theories has the same meaning as Eqs. (9), i.e. the classical field U describes the VEV of the chiral combinationΨ L Ψ R of the full theory. It may be instructive to discuss the result (28) in a slightly different and more intuitive way. Using Eqs.(27), we can write
which is a superposition of the holomorphic (∼ exp(2iξθ)) and anti-holomorphic (∼ exp(−2iξθ)) functions. At the same time, the equation of motion (25) requires U to be a holomorphic function, as h is such a function. This is only possible, as is seen from Eq.(30), when 1−(3b/4)ξ = 0 which is equivalent to (28). In other words, the requirement of holomorphy for the u-theory singles out parameters of the d-theory.
To end up this section, we would like to discuss an apparent problem related to the effective potential (24). Proceeding by analogy with SUSY theories, we might expect that the effective potential, obtained for large m → ∞, could be continued to small masses m ≤ Λ, where the heavy "glueball" fields h,h could be integrated out. (This is e.g. how the Affleck-Dine-Seiberg superpotential [5] was obtained in Ref. [4] from the VY effective potential for SUSY gluodynamics.) One can see, however, that an analogous procedure with the effective Lagrangian (24) does not lead to the anomalous term in the effective chiral Lagrangian of Ref. [13] . As we will try to argue below, this seeming problem with Eq.(24) is resolved by the fact that the "QCD limit" m → 0 and the "YM limit" m → ∞ are actually separated by a kind of phase transition which changes a number of vacua in the theory. If this is the case, analytic continuation to the small m ≪ Λ region may lead to a theory other than the one described by the effective chiral Lagrangian.
The possibility of such a phase transition can be seen within the effective chiral Lagrangian itself, which is expected to describe quarks with masses m q ≤ Λ QCD . As was shown by Witten [13] , for the case when the number of color N c is such that N c ≫ Λ QCD /m q , the number of vacua is proportional to N c . This situation is nearly at the edge of the regime m q ≥ Λ QCD considered in the present paper. On the other hand, for fixed N c and small m q ≪ Λ QCD (i.e. in a vicinity of the chiral limit) the physics is smooth, and there is only one vacuum [13] . Therefore, some phase transition, changing the number of vacua, can be expected when m q is approaching the region m q ∼ Λ QCD .
The qualitative difference between QCD near the chiral limit and pure YM theory can also be seen from the analysis of the topological susceptibility in both theories. In QCD with one light quark
while in YM theory the Witten-Veneziano relation [14] implies
Therefore, increasing the mass m q of the quark in QCD is expected to completely rearrange a structure of the theory in order to transform the N c dependence of Eq.(31), valid for small m q , to that of Eq.(32) corresponding to the case of pure YM theory. The need for such a change of the N c dependence in the transition from QCD to gluodynamics suggests that the correct expansion parameter at small m q is actually m q N c . The analysis of the next term in the Ward identity
also supports this claim. Therefore, to pass from QCD to gluodynamics, we would have to resum all terms (m q N c /Λ) n in the chiral expansion near the limit m q = 0, which is clearly beyond our ability. This difficulty in relating the Ward identities for the two theories is also expected to show up in the effective Lagrangian approach which is a condensed expression coding all Ward identities of the theory. On the contrary, such problems do not arise in supersymmetric theories where specific Ward identities allow one to prove that the dependence of the gluino condensate on the chiral superfield mass m, viz. λλ ∼ √ m for SU(2) gauge group, obtained for SQCD for small m ≪ Λ, is actually exact and valid also for large m → ∞ [10] .
Global quantization, holomorphy, and Ward identities in the effective Lagrangian approach
In this section we would like to discuss a few related topics. First, we analyse the construction of the effective potential (24) of the u-theory while keeping track of multi-valuedness of effective potentials for both d-and u-theories. As we will see shortly, this analysis is consistent with the result (28). Another purpose of this section is to discuss holomorphy of the effective theory in the fermion mass m from the point of view of the underlying QCD Lagrangian. This will allow us to establish the correspondence with an alternate method which was suggested by us earlier in Ref. [11] to find the parameter ξ, where the same value ξ = 4/(3b) was obtained. It will be shown how the Ward identities of Ref. [11] follow from the effective Lagrangian approach. The analysis of the previous section was based on dealing with a fixed branch of the effective potential. As was discussed for SUSY theories in [9] , and for pure YM theory in [8] , the multi-valuedness of the effective potential necessitates the summation over all branches of a multi-valued action in the path integral (this is the prescription for constructing an improved effective potential). This procedure enforces some global quantization rules in the effective theory [9, 8] which reflect quantization of the topological charge in the fundamental theory. Technically, the global quantization in the d-theory arises due to the Poisson formula
Let us now consider the problem of matching the d-and u-theories from the point of view of the integrating out procedure in the u-theory with account for the fact of multivaluedness of the resulting potential. Given any branch of a multi-valued action, which is compatible with the Ward identities of the d-theory and the renormalization group, one achieves the single-valuedness of the partition function for the u-theory by the summation over all branches of the action in the path integral. In other words, we impose a universal rule for defining the partition function (improved effective potential) for both the d-and u-theories. Furthermore, it is natural to require that, after integrating out the field U in such a partition function for the u-theory, we should come back to the correct partition function of the d-theory. This requirement has a non-trivial content, since generically the logarithms in Eqs. (12) and (24) imply different global structures in the complex h plane, i.e. different global quantization rules for the d-and u-theories. In this way we extend the integrating in/out procedure to match not only the perturbative scale redefinition in the low energy d-theory, but also the global, topological, properties of the latter. The meaning of this requirement is that turning on the heavy quark should not change the number of θ vacuum sectors. As we will see shortly, this "topological" matching of the two theories agrees with value (28) for the parameter ξ. Let us define the improved effective potentialF for the u-theory in the same way as was done in Eq.(10). Using Eq.(24), we obtain
where the sums over k, l are finite. It is clear from Eq.(35) that the minimization conditioñ F ′ U = 0 leads to the same Eq.(25). The reason for that is the absence of global quantization rules for the field U which is thus unconstrained. It can be readily seen that substituting this solution back to Eq.(35), we reproduce exactly the "dynamical" term in Eq.(10). However, as we stated above, the "topological" term for the u-theory should also match the one of the d-theory. Let us now compare these two expressions. For the u-theory, the "topological" term is
where the integers n, m are ranged from (−∞) to (+∞), while the integers k, l reside on finite intervals. On the other hand, the "topological" term of the d-theory is
, n ′ = 0, ±1, . . . , k ′ = 0, 1, . . . , q − 1 .
One can see that expression (36) has the same form as (37) only if p q
for which expression (36) becomes
Therefore, unless the constraint (38) is satisfied, integrating out the field U in the u-theory does not lead back to the correct d-theory, but instead yields a theory with different global quantization rules for the field h (i.e. different quantum mechanically). It is remarkable that these "topological" arguments are consistent with the value of ξ which was arrived upon in Eq.(28) (still, they are less restrictive, as it usually happens for considerations based on topological arguments, than Eq.(28) above). On the other hand, in contrast to the argument of the previous section, no reference to the underlying theory was made above. The agreement between these two different lines of reasoning supports both the reliability of the calculated value of ξ, and self-consistency of the effective Lagrangian constructed. The next topic we would like to discuss is holomorphy of the effective Lagrangians. We have seen in the previous section that the holomorphic structure of the effective potential for the d-theory implies holomorphy in the fermion mass m of the effective potential for the u-theory. This means that m should be effectively treated as a complex parameter, with the correspondence rule (29) between the operators of the effective and fundamental theories. Here we would like to discuss what such kind of holomorphy implies in terms of the fundamental QCD Lagrangian.
Let us first note that in our case holomorphy refers to a physical heavy fermion with mass m → ∞. In the fundamental theory, the introduction of a heavy fermion of mass m requires a regularization on yet much higher ultra-violet scale M R , which can be thought of as the mass of a Pauli-Villars regulator. In the infinite mass limit m, M R → ∞ the properties of the theory in respect to the physical and regulator fermions are identical (up to some sign differences) by definition. Thus, we may expect the fundamental theory to be holomorphic, in a sense, in the Pauli-Villars regulator mass M R . The analysis of this paper shows what kind of holomorphy we may expect: it should be holomorphy of nonperturbative vacuum condensates or zero momentum correlation functions with perturbative tails subtracted, because these are the objects generated by the effective Lagrangian 8 . Precisely this kind of holomorphy for QCD with light quarks in the Pauli-Villars fermion mass M R was suggested some time ago by Kühn and Zakharov [15] . Working in the chiral limit, these authors have related, using analyticity in M R , the proton matrix element of the topological density p|GG|p to the matrix element p|G 2 |p which is fixed by the conformal anomaly. Recently, we have applied [11] the same idea to relate the zero momentum two-point function of GG to that of G 2 . The statement of holomorphy in the fermion mass m → ∞ was rephrased there as a method of deriving specific Ward identities for correlation functions of the chiral fermion bilinearsΨ L Ψ R and Ψ R Ψ L with the operators G 2 , GG from the known Ward identities involving the gluon operators only. It is our purpose here to show that these are just the Ward identities that follow from the effective Lagrangian constructed in Sect.3.
Performing the inverse Legendre transform of the effective potential (24) in respect to H and U, we obtain the generating functionalW m (J, j) of connected Green functions:
It is clear from the above analysis that the sources j, J are holomorphic: the differentiation in respect to j produces insertions of the chiral operator −Ψ L Ψ R , while the derivative ∂/∂J produces insertions of the operator H. As is seen from Eq.(40), the differentiation in j can be substituted by the differentiation in m. In this way we find the correlation
Analogously we can derive further Ward identities (WI's):
The Ward identities considered in Ref. [11] now follow if we take linear combinations of Eqs. (41-44). Taking the sum of Eqs. (41) and (43) and using
and analogously from Eqs. (42),(44)
On the other hand, taking the differences for the same pairs of the WI's (41-44), we obtain
Eqs. (45-48) are precisely the WI's suggested earlier in Ref. [11] with a different motivation to find the topological susceptibility in terms of the gluon condensate. Taking the difference of Eqs. (47) and (48) and using Eqs.(27), we obtain
which is exactly the result derived in [11] . We have thus closed the circle: starting with Eq.(3) with an unspecified parameter ξ, we have found the value of ξ using the effective Lagrangian, obtained from the anomalous Ward identities (1-3), along with the integrating in/out technique, and eventually fixed the initial Eq.(3). The introduction of a heavy quark was crucial to find the parameter ξ. We should note that the main assumption of the present paper and that of Ref. [11] are quite different, and yet lead to the same result (49). We consider this as a strong evidence in favor of correctness and self-consistency of our approach.
As was discussed in [8] , the parameter ξ is related to a number of different nondegenerate θ vacuum sectors in pure YM theory. When the rational number p/q = 1/(2ξ) is fixed with p and q being relatively prime, the number of different θ vacua 9 is p. More precisely:
number of dif f erent θ sectors = p = 11 · N c f or N c = odd
where we have used ξ = 4/(3b). In particular, it follows from Eq.(50) that the number of vacua is 11 for N c = 2, and 33 for N c = 3. Although these numbers may look strange, they seem to be the only ones compatible with the effective Lagrangian and integrating in procedure considered in this paper 10 . As was pointed out in [8] , this counting of vacua disagrees with what could be expected starting from SUSY YM theory broken softly by a small gluino mass m g ≪ Λ. The latter theory predicts N c vacua for small m g . Naively one may expect that increasing of m g to higher values m g ≥ Λ does not change the number of vacua of the theory. In this case we would stay with N c vacua for pure gluodynamics which corresponds to the formal limit m g → ∞ of the softly broken SUSY YM theory. Our results suggest that this is not the case. Instead, we expect a sort of phase transition that separates the softly broken SUSY YM theory with m g ≪ Λ from pure non-supersymmetric gluodynamics. The fact that the number of vacuum states is very sensitive to the fermion content of the theory seems quite natural. Indeed, we know that the number of θ sectors in QCD for extremely large N c ≫ [Λ/m q ] is proportional to N c [13] . At the same time, for finite N c and m q → 0 such that N c ≪ [Λ/m q ] there is only one sector [13] . Analogously, we expect that the number of θ sectors changes discontinuously for a sufficiently large gluino mass m g .
Brane configurations in gluodynamics
The purpose of this section is an attempt to reformulate some results of the present paper in terms of the so-called brane configurations.
Let us remind the reader that many interesting results about field theories have been studied recently by using various methods based on string theory. One may hope that such an approach can shed light on many different aspects of strongly ineracting gauge theories. In particular, a brane configuration which is relevant to understanding the dynamics of N = 1 supersymmetric Yang-Mills theory was described recently by Witten [16] . The brane theory (MQCD) is by no means identical to QCD because it contains many other things not related to QCD. In particular, it contains Kaluza-Klein states from the compact x 10 direction with radius R. For the extended N = 2 supersymmetry one can take R small enough such that these Kaluza-Klein states are decoupled from the QCD scale. This is not the case for N = 1 [16] , and it is not expected to be the case for the pure gluodynamics N = 0 we are interested in.
Nevertheless, one could hope that MQCD can give us some hints and useful methods for extracting a nontrivial physics which can not be easily visualized within a standard field theory approach. Therefore, we follow [16] and assume that MQCD with N =0 is in the same universality class as QCD and, therefore, has the same qualitative properties. In this case the problem, as was mentioned in [16] , is "not to find the brane configurations but to determine what aspects of the Yang-Mills physics can be understood from them."
We believe that the following set of the related problems falls into this class: the θ dependence and number of different branches which restore the expected 2π periodicity in θ by switching from one analytic branch to another one ( the so-called level crossing phenomenon). This picture suggests the existence of a number of vacuum states (not just one) and associated with them domain walls. Strings which are believed to be the fundamental objects in QCD could end at these domain walls. Such a picture was suggested and tested in supersymmetric case in Ref. [16] , where it was assumed that a similar picture may hold in the non-supersymmetric case also.
Our study of pure gluodynamics [8] within the quantum field theory approach supports this picture: we have found that the 2π periodicity in θ is restored due to the existence of a number of different branches describing the effective long-distance behavior. These different branches are related to a set of the non-degenerate (metastable) vacuum states. The number of vacua turns out to be 11N c for odd N c (dependence for even N c is more complicated, see Eq.(50)). This result is at variance with the soft supersymmetry breaking approach when the number of vacuum states remains the same and equals N c for a small supersymmetry breaking parameter, see the review by Shifman in Ref. [2] for the field theory analysis and Ref. [17] for discussions within MQCD.
As we discussed at the end of the previous section, such approach is justified for very small gluino mass m g ≪ Λ, and can be expected to fail for a large m g which corresponds to the Yang Mills theory we are interested in. Therefore, if MQCD has any relevance to pure gluodynamics, than the corresponding brane configuration can not be obtained by a continuous deformation of the supresymmetric configuration, but rather should have the form (in notation of Ref. [16] ):
x 6 = −R · pc · Re(log λ); x 10 = −p · Im(log λ) ,
while other x i are the same as in Ref. [16] . Here p = 11N c for odd N c and in general is given by Eq.(50). It is very tempting to think that number 11 which appears on r.h.s. of Eq.(51) is somehow related to 11− dimensional metric of the original theory:
η ij dx i dx j + R 2 (dx 10 ) 2 , 0 < x 10 < 2π,
however we do not see how such kind of relation could appear.
Conclusions
In this paper we suggested using the integrating in/out procedure to study the properties of a low energy Lagrangian for gluodynamics obtained in [8] . We have shown that a particular holomorphic structure of this effective Lagrangian corresponds to holomorphy in the fermion mass in an extended theory with a heavy fermion. This observation supports the results of [15] and [11] where the idea of holomorphy in the regulator or heavy fermion mass was applied, respectively, to the study of matrix elements and correlation functions of the topological density operator GG. We have argued that the integrating in/out method provides not only a perturbative matching of the dimensional scale parameters in different theories, but also has a global, "topological", content. This holomorphic and "topological" matching of the theories with and without a heavy fermion was shown to fix the number of different non-degenerate θ vacua for YM theory. The result obtained implies that the number of vacua for softly broken SUSY YM gluodynamics changes discontinuously when the gluino mass becomes large. A check of this conclusion by different methods and analysis of its possible consequences would be an interesting problem for a further study. As one of the testable results of our approach, one may consider the formula [11] for the nonperturbative gluon condensate in YM theory
which is valid in the large N c limit. The relation (53) follows from Witten-Veneziano mass formula for the η ′ [14] and Eq.(3) with ξ = 4/(3b). This result can be tested on the lattice. Finally, our result (50) for the number of different θ sectors might be relevant for understanding the MQCD approach to the strong interaction dynamics.
